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Abstract 

We describe new families of the Knizhnik-Zamolodchikov-Bernard (KZB) equations re- 
lated to the WZW-theory corresponding to the adjoint G-bundles over complex curves E ffi „ 
of genus g with n marked points. The bundles are defined by their characteristic classes - 
elements of H 2 (Y> g ^ n , Z(G)), where Z(G) is a center of the simple complex Lie group G. The 
KZB equations are the horizontality condition for the projectively flat connection (the KZB 
connection) defined on the bundle of conformal blocks over the moduli space of curves. The 
space of conformal blocks has been known to be decomposed into a few sectors correspond- 
ing to the characteristic classes of the underlying bundles. The KZB connection preserves 
these sectors. In this paper we construct the connection explicitly and prove its flatness for 
elliptic curves with marked points. For the trivial bundles our construction provides the 
KZB connection proposed by Felder-Wieczerkowski. 
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1 Introduction 

The Knizhnik-Zamolodchikov-Bernard (KZB) equations [TJ [2] are a system of differential equa- 
tions for conformal blocks in a conformal field theory. Here we consider the WZW theory of the 
level k, related to a simple complex Lie group G and defined on a Riemann surface S 9jT1 of genus 
g with n marked points (z±, Z2, ■ ■ ■ , z n ). To describe this model, one should define a G-bundle 
over S 9i n- Topologically, the G-bundles are defined by their characteristic classes. Let Z{G) be 
a center of G and G ad = G/Z{G). The characteristic classes are obstructions to lift the G ad - 
bundles to the G-bundles. They are elements of the cohomology group H 2 (T, g , Z(G)) ~ Z(G) 
[30 If G is the correspondent simply connected group (the universal covering with natural 
group structure) and G = G/Z V (G), then elements from H 2 (T, g , Z v (G)) are obstruction to lift 
the G-bundles to the G-bundles. In particular, consider G=Spin(A r ) and SO(N)=Spin(N) /Z,2- 
Then H 2 (T, g ,Z,2) ~ Z2 defines the Shtiefel- Whitney classes of the SO(A r )-bundles over E g . 

For generic bundles the WZW theories were studied in [H [5] . The aim of this paper is to 
define the KZB equations in these theories. The KZB equations have a large range of applications 
in mathematics. In particular, on the critical level they produce Hamiltonians of the quantum 
Hitchin system [6], while in the classical limit they lead to the monodromy-preserving equations 
[II El [9j [10]. In this way, we obtain new classes of these systems. 

The KZB equations are described in the following way. Consider the highest weight repre- 
sentations V^ a (/j, a are the highest weights) of G attached to the marked points. For a positive 
integer k define the integrable module V^ a of level k of the central extended loop group D x — > G, 
where D x = D \ z a is a punctured disk around the marked point z a . The conformal blocks are 
linear functionals = , . . . , V^ n — > C satisfying some additional conditions (the Ward 
identities). Let C G {V^) be a space of conformal blocks. This space depends on parameters - 
the complex structure of and in this way forms a bundle over the moduli space 9Jt g , n of 
complex structures. There exists a projectively flat connection in this bundle (the KZB con- 
nection). Then the meaning of the KZB equations mean is that the conformal blocks are the 
horizontal sections of the KZB connection. The KZB equations are derived originally in the 
genus zero case by Knizhnik and Zamolodchikov [1] and were generalized later on arbitrary 
genus by Bernard [2j. In subsequent years the KZB equations was studied in a number of works 

[III rra ri3i [ill rrsi rri] . 

If the cocenter Z^ '(G) = KerG — > G is non-trivial then the integrable modules is a sum of 
^ee (4.1)-(4.3) in [3]. 
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sectors, corresponding to the characteristic classes of the underlying bundles 

JV-l 

^=©^? ) > (N = ordZ(G)). 

j=0 

In terms of the spectra of the WZW theory this situation was studied essentially in [4J. Similarly, 
the conformal blocks are also a sum of different sectors. In each sector one can define the KZB 
connection. 

The aim of this paper is to construct explicitly the KZB connections in all sectors of con- 
formal blocks for the WZW theory defined on elliptic curves. The compatibility conditions 
(horizontality of the KZB connection) are verified explicitly. 

The KZB connection in the trivial sector was studied in [IT]. This construction is based on 
the classical dynamical r-matrix with the spectral parameter belonging to an elliptic curve. The 
r-matrices of this type related to the trivial sector were classified by Etingof and Varchenko [TH] . 
Recently, we have classified the r-matrices related to the bundles of an arbitrary topological 
type [3]. It allows us to define the KZB connection in these cases. 

In the subsequent paper we will describe the transformation operators that intertwine the 
different sectors (the Hecke transformations). It is worthwhile to notice that in the classical case 
these transformations provide a passage from the elliptic Calogero-Moser system to integrable 
Euler- Arnold top [19J. For arbitrary characteristic classes these type of models were described 
in [20]. Different aspects and applications of the Hecke transformations in integrable systems 
and related topics (such as monodromy preserving equations and monopoles) can be found in 

The paper has the following structure. In Section 2 we consider a general setting of the KZB 
equations related to arbitrary curves 5j„ jn and arbitrary characteristic class of the bundles. In 
Section 3 the space of conformal blocks is described. In Section 4 we consider the genus one 
case in detail. The proofs of main relations (Propositions 14.11 and I4.2|) and information about 
the special basis in simple Lie algebras as well as the elliptic functions identities are given in the 
Appendix. 

Acknowledgments. The authors are grateful to A.Bcilinson, B.Feigin, A.Gorsky, S.Khoroshkin, 
A.Losev, A.Mironov, V.Poberezhny, A.Rosly and A.Stoyanovsky for useful discussions and remarks. The 
work was supported by grants RFBR-09-02-00393, RFBR-09-01-92437-KE Q and by the Federal Agency 
for Science and Innovations of Russian Federation under contract 14.740.11.0347. The work of A.Z. and 
A.S. was also supported by the Russian President fund MK-1646. 2011.1, RFBR-09-01-93106-NCNIL a 
and RFBR-12-01-00482. The work of A.L. was partially supported by AG Laboratory GU-HSE, RF 
government grant, ag. 11 11.G34.31.0023. 

2 Loop algebras, loop groups and integrable modules 
2.1 Loop algebras and loop groups 

Let G be a simply-connected simple complex Lie group and Z = Z(G) is the center of G. For 
all simply-connected groups (SL(JV, C), SpN Eq, E-j and Spirit except N = An), the center is a 
cyclic group. For Spirit Z = Z2 © 1>2- The adjoint group is the quotient group G ad = GjZ. 
Assume for simplicity that Z is a cyclic group 7Li of order I. 

Let K be a maximal compact subgroup of G and T is the Cartan torus of K. Consider 
homomorphisms of S 1 — > T 

e M -> {e{lw), G {l2V),-- ■ ,e(ll<p)) G T, (e(tp) = exp(2vrzv?) . 
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P v = {7 = (71, • • • ,7;)} i s a coweight lattice in the Cartan subalgebra f) = Lie(T) and in 
f) C g =Lie(G). Let Q v be the coroot lattice (Q v C P v ). The center -Z(Cr) is isomorphic to the 
quotient group Z ~ P y /Q y . In particular, if w y G P v is a coweight such that ltu v G Q v , then 
the 2 ~ 7L\. It is generated by the element e(w v ) = exp (2-7rzro v ) € T. For Spirit the center is 
generated by two coweights, corresponding to the left and right spinor representations. 

Let f) be a Cartan subalgebra of q and {a} = R G f)* is the root system [25] ■ There is the 
root decomposition of g: 

= f) © X] S° , «^5° = (X, a)g Q ,Ief). 

With respect to some ordering in f)* -R is an union of positive and negative roots R = R+ U R- . 
Let II = {ai, . . . , a{\ be a basis of simple roots in R. The dual system II V = {a(, . . . , a) 7 } 
({aj,ct£} = Sjk) forms a basis in f). 

Let i be a coordinate in C. Define the loop group L(G) = {C* —> G} = {g(t)} such that g(t) 
has a finite order poles when t — > 0. There is a central extension L(fj) of L(g) = q <8> C[[t, i ]. 

L(g) = L(g)©OT, (2.1) 

defined by a two-cocycle c(X ® f,Y ® g) = (X, Y) Res(gf'dt). 

The set of affine roots has the form R a * * = {a = a + n , n G Z , n 7^ 0}. Let be the 
basis of simple coroots in f). Then analog of the root decomposition for the loop algebra has the 
form 

l(q) = + Y Y ^ n + Y " ' = Xae& = x ^ tn ) ■ 

Let — ao be the highest root — ao G The system of simple affine roots has the form 

II = LT U (— ao + 1). It is a basis in R a ff . Consider the positive loop subalgebra 

L + (Q) = (b + fl®*C[[t]]), (2.2) 

where b = f) © X^c«eil+ 8° ^ s ^ e P os hive Borel subalgebra. Let 

L-(s) = n + fl®r 1 C[r 1 ]), n _=J]g a . (2.3) 

06-R- 

Then L(g) (|2.ip is the direct sum 

L( 5 ) = L-(Q)eL + ($)eCK. (2.4) 

Each summand is a Lie subalgebra of L(q). There are two types of the affine Weyl groups: 
Wp = W x P v and Wq = W x Q y , where W is the Weyl group of g 

W P = {w = wf,weW,jeP y }, w Q = {w = wt" / , wew, 7 eQ v }. (2.5) 

They act on the root subspaces as = e a t n — > e^&A = e u ,( Q )t n+ ^ 7,a ^. The loop groups 
L(G) = G <g> C[[t, have the Bruhat decomposition [26]. Define subgroups 

L + (G) = {go + git + ...}, gj <E G , go = b <E B — is the positive Borel subgroup , (2.6) 

N~(G) = {n_ + git -1 + ...}, n_ G iV_ — is the negative nilpotent subgroup , (2-7) 
N + (G) = {n + + git +...}, n + G iV + — is the positive nilpotent subgroup . (2-8) 
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The Bruhat decomposition takes the form 

L{G ad )= |J N-(G ad )wL+(G ad ), L{G)= \J N~ (G)wL+(G) . (2.9) 
weWp w£Wq 

For a loop g(t) in G ad denote by g its lift to a map from S 1 to G this map can be multivalued, 
after turning along the circle the value can be multiplied by some element of the center which 
we call the monodromy: g{e 2m i) = e{^)g{i), (e(x) = e 2mx ). If 7 ^ Q v then £ = e(7) is a 
non-trivial element of the center Z and the map g(t) is well defined for G = G ad , but not for G. 
In this way we have the representations 

L(G ad )= |J L 7 (G ad ), L 7 (G ad ) = {<7(e 2 ^) = e( 7 ) 5 (t)}. (2.10) 

7e pv 

If 71 =72 + ^ for any 5 G Q v then 71 and 72 lead to the same monodromies. We say in this case 
that L 7l (G) and L 72 (G) are equivalent. Then we have from (|2.1U|) 

L(G ad ) = (J L ? (G ad ) . (2.11) 

Ce.z 

In particular, if the center Z ~ Z/ is generated by a fundamental coweight ro v , then 

z-i 

L(G ad ) = |J L,(G ad ) , L,(G ad ) = { 5 (e 2 -t) = e(j^)g(t)} (2.12) 
i=o 

and Lj{G ad ) = e(jro v ) (L(G)/z) . 

Consider the quotient Gr a ^ = L(G ad ) / L + (G ad ) [26J. It is called the affine Grassmannian. 
Let be an N~ (G arf )-orbit of w in Gr a ^ . This orbit is diffeomorphic to the intersection 
N-(G ad ) <b = N~ (G ad )DwN- (G^w" 1 . Therefore, its codimension in Gr a ^ is the length l(w) 
of w. It is the number of negative affine roots which w transforms to positive ones (Theorem 
8.7.2 in [26]). The Bruhat decomposition (|2.9p defines the stratification of Gr a ^: 

Gr aff = L{G ad )/L + {G ad ) = \J E<j> . (2.13) 
2.2 Integrable modules 

Consider a subset of dominant weights P + = {fi G P \ (fJ,, a v ) > for q v G I1 v }. Each dominate 
weights define a g module V^. It contains the highest weight vector (HWV) such that 

Xv/j, = (X, ix)Vfj, , for X G f) , a ^ = for a G i? + . 

Define the Verma module V M of C(q) associated with [27] . Let Ik = G P + | (/i, Oq) < A;} 
be a subset of dominant weights. Define the action of L + (q) (|2.2p on F M : (0 tC[[t]])T^ = 0, 
KVn = kid, and b acts on is described above. Then is induced V M = U(L(q))<^ u ^ l ^+^V^, 
where fi € Ik- There is the isomorphism 

~ U(L-{q)) ® c 

Let .E ao be the root subspace in g corresponding to ao- Consider the maximal submodule 5 M of 
V M generated by the singular vector 

(E ao ®i- 1 )*-^ ao >+V- ( 2 - 14 ) 
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The irreducible integrable module is the quotient 

v; = w (2.i5) 

We identify the module with a submodule <g) 1 ^ V M . The integrable module can 
be characterized in the following way: the subspace of annihilated by the positive subalgebra 
® C[[i]] is isomorphic to the finite- dimensional Q-module 

V„ ~ € | (fl ® tC[[t]]) • u = 0} . (2.16) 

The group £(GQ has a central extension 1 — >■ C* — > LG — > LG — > 1 corresponding to (|2.1|) . The 
integrable module can be described in terms of LG. The action of L + (G) on the HWV has the 
form 

L+{G)v^ = x^Vf, , \Vft = e(k) Vfl , A G the center C* , (2.17) 

where x^(ft) is the character of the Borel subgroup B. Then is generated by the action of 
N-(G) (HTTP on V r . 

In this way we describe only "the trivial sector" of the L(G)-module. Consider the Bruhat 
representation for L(G ad ) (|2.9|) . and let w = t" 1 , 7 G P v . Define the Verma modules with the 
HWV V v^. 

V^{ 1 ) = U{L-{q))® c ^v ii . (2.18) 

They have the singular vectors (E ao ® i~ 1 )*~' /iao '+ 1 f y 'y jU (compare with (|2.14p ). Let 5 Mi7 be the 
maximal submodules generated by these singular vectors. Consider the quotient spaces 

^(7) = V M ( 7 )/<5v, 7 , (2.19) 

and define their direct sum 

V,= 0yi (2.20) 

7e pv 

We say that two subspaces V^(7i) and ^(72) are equivalent if 71 = 72 + 6 where 5 G Q v . This 
equivalence leads to the decomposition of (as a L(G ad )-module) into a sum of I =ord (Z(G)) 
sectors: 

V, = 0^(C), (2.21) 

Notice that (t~> v^) is not the HWV with respect to L + (q). However, it was proved in [1] 
that there exists a unique element w = w(j) = t s w G Wq such that t" f wv^ is the HWV. We 
demonstrate it below for L(SL(2, C)). The elements w and 7 represent the same element £ G Z. 
Then we define the Verma module 

V„(C) ~ U(L(g)-) ® c (Pw u m ) . (2.22) 

The vector (-E ao 8> t~ 1 ) fc ~^ ,u ' Q!0 ^ +1 (7u) t^) is singular and corresponds to the submodule S^-y. 
As in (pTT5]) we identify the integrable modules V^Q/S^ with V^Q (pTlgp . 

Let be the dual module. The Borel- Weil-Bott theorem for the loop group [26] states that 
V* can be realized as the space of sections of a line bundle over the affine Grassmannian 
(|2.13p . The line bundle is determined by the action L + {G) x C* on its sections as in (|2,17p : 

= { (9, ~ (9b, X»{b- l )0 , 5 G L(G) , ft G L + {G) } . (2.23) 
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3 Conformal blocks and KZB equation in general case 



3.1 Moduli space of holomorphic G-bundles 

Let V be a principle G-bundle over a curve £ 9jn of genus g with n marked points z = (zi, . . . , z n ), 
(n > 0), and Eq = V xqQ is the associated g-bundle. We consider the set of isomorphism classes 
of holomorphic G-bundles Mc,g,n over S 9in with the quasi-parabolic structures at the marked 
points [28]. They are defined in the following way. A G-bundle can be trivialized over small 
disjoint disks D = U^ =1 D a around the marked points and over Yjg^ n \ z. Therefore, is defined 
by the transition holomorphic functions on D x = U" =1 (-D* ) and D x = D a \ z a . If G(X) are the 
holomorphic maps from X C X 9 to G, then the isomorphism classes are defined as the double 
coset space: 

Bun G = G(£ g , n \ z) \ G(D X )/G(D) ~ M G , g , n . (3.1) 
Let t a be a local coordinate in the disks D a . Then G(D) = n™=i G(D a ) = Ila=i C®C[[t tt ]] and 

n 

G{D X ) = Y\ L a (G) , L a (G) = G^C[[t a ,t- 1 ]. (3.2) 

a=l 

The quasi-parabolic structure of the G-bundle means that G(D) preserves the G-flags at 
fibers over the marked points. In other words, G{D a ) = L+(G) (|2.6|) . On the Lie algebra level 
Lie(G(L>)) = 0^ =1 L+(g) ([2^j> . We discuss the Lie algebra g out =Lie(G(S 9jn \ f)) below. 

Consider the one-point case z = zq in (|3.2p . Let g(t) G G[[t, = G(D* f) ) be the transition 
function on the punctured disc D* Q with the local coordinate t. This transition function defines 
a G-bundle and its Lie algebra Lie(G(D x )) = g <S> C[[t,t _1 ] assumes the form (see (|3.ip ): 

Lie(G(D x )) = g out T^nnc © L+(g) . (3.3) 

Introduce a new transition matrix = t^g{t), where 7 G P v is an element of the coweight 
lattice. It defines a new bundle Eq. The passage from Eq to Eq is called the modification 
of the bundle Eq at the point zq. The modification amounts to the passage between different 
sectors of the integrable module attached at zq (see ()2.18j) . (|2,19p . ()2.20p ). Since t 1 £ B, where 
B is the Borel subgroup (b =Lie(i?) C £ + (g) (|2.2p . we say that modification is performed in 
the "direction", consistent with the quasi-parabolic structure at Zq. In general, it can have 
an arbitrary direction. It means that i 7 may be replaced by Adf^f 7 ), where / G G. As it was 
mentioned at section 2.2 there is a unique modification that preserves the HWV of the integrable 
module attached at z$ and, thereby, the quasi-parabolic structure. 

To be a G-bundle over S 9 the transition matrix g should have a trivial monodromy g(te 2m ) = 
g(t) around w. If g(t) has a trivial monodromy and 7 belongs to the coroot sublattice Q v , then 
g{t) also has a trivial monodromy. Otherwise, the monodromy is an element of the center 2(G). 
For example, let 7 = jw v , where zu v generate the group Z/, i.e. lw y G Q v , while jro v G" Q v for 
j ^ 0, mod(Z). In this case 

g{te 2m ) = C j g(t) , C = e(^ v ). (3.4) 

If j 7^ then g(t) is not a transition matrix for the G-bundle. But it can be considered 
as a transition matrix for the G arf -bundle, since G ad = G/Z. In this case the G bundle is 
topologically non-trivial and £ represents the characteristic class of Eq. The characteristic class 
is an obstruction to lift G ad bundle to G bundle. It is represented by an element ff 2 (S 9 ,Z) [3]. 
Let g(t) = gj(t) = P w . Then the multiplication by gj(t) provides a passage in (|2.12p from the 
trivial sector the non-trivial sectors: 

g j (t)-L (G ad ) = L j (G ad ). (3.5) 
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In general, we have a decomposition of the moduli space (|3.ip on sectors: 

M G aa tgA = (J M%L gtl , (3.6) 

7 gpv 

M%l gA = G(E S ,„ \ w) \ G°f ® C[[t, r^/G ® C[[t]] , Gf ® C[[t, t- 1 ] = G ad ® ^C[[t, i" 1 ] . 

In particular, for £0,1 (CP 1 ~ C U 00) and the marked point Z\ = this representation is 
related to the Grothendieck description of the vector bundles over CP 1 . Let g_ G G ® C[,z ], 
g+ G G® C[z]. Then 5 (z) G L(G) = (C* -»• G) = {#(z)} has the Birkhoff decomposition [26]: 

g(z) = g-z*'g + , 7 G P v . (3.7) 

It means that any vector bundle -Eg ° ver CP 1 is isomorphic to direct sum of the line bundles 
©' =1 £ 7i , where is defined by the transition function z 7 % 7 = (71, . . . , 72). If 7 ^ Q v P^ has 
a non- trivial characteristic class. In fact the bundle with 7 7^ are unstable. 

Two subsets and M^-y of the moduli space correspond to the vector bundles with 

the same characteristic class if 71 = 72 + /3, j3 G Q v . Then the topological classification the 
moduli spaces of the vector bundles according to their characteristic classes follows from (j3.6|) : 

Mg*a = U , (3-8) 

M { Sl ;1 = G(E s , n \ w) \ G<® C[[t, r^/G ® C[[t}} , 
® C[[t, t" 1 ] = G <g> ^' roV C[[t, t" 1 ] , C = e(jro v ) . 
There is a similar representation exists for the space Mc,g,n- 

3.2 Moduli of complex structures of curves 

Let Tig be the moduli space of complex structures of compact curves T, g of genus g. The moduli 
space 9K 9>n of complex structures curves with marked points is foliated over Wl g with fibers 
U C C™ corresponding to the moving marked points. 

An infinitesimal deformation of complex structures is represented by the Beltrami (—1,1) 
differential fJ>(z,z) = /i-jr- ® dz on Y] g ^ n In this way fj* is (0, 1) form on E taking values in 
T i - l,0 \M. gn ). vanishing at the marked points. The basis in the tangent space T(VJl 9tn ) is 
represented by the Dolbeault cohomology group H 1 (T lg ,F(T lg \ z) ® K), where K is the anti- 
canonical class. 

Let us compare it with the Chech like construction of T^ffl g n as a double coset space. As 
above, consider small disks D a around marked points with local coordinates t a . Let C[[t a , t~ 1 ]dt a , 
C[[t a ]]dt a be vector fields on D* and D a and Tr^ \g\ is a space of vector fields on T, g \ z. The 
vector fields from the latter space can have poles of finite orders at the marked points. Then 

n n 

TWl 9 , n = r ( w \ C[[t a , t- 1 ]^/ C[[t a ]]d ta . (3.9) 

a=l a=l 

This construction has the following relation with the Dolbeault description. We establish cor- 
respondence between q G ®" =1 C[[t a , t~ 1 ]dt a on U" =1 L>* and the Beltrami differential /i. Let 
W G r (Sg y^, q int G 0™ =1 C[[t a ]}d ta . Consider two equations on U™ =1 L>* 
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where d\ D x = di a . On D* d{q ou t — Q n ) = and therefore q ou t — represents a Dolbeault 
cocycle. The first equation has solutions that can be continued on T, g \ z and the second on 
U"l =l D a . If q G ©LiCIt^^a 1 ]^ has continuations ^ ou t and Q n then it corresponds to a trivial 
element of T9Jl g ri . On the other hand globally dq = fi, and therefore fi represents an exact 
Dolbeault cocycle. In this way the non-trivial vector fields <j G ©™ =1 C[[i , t~ ]dt a correspond 
to elements from H l (Y* g , T(T, g \ z) (8 

3.3 Definition of conformal blocks and covariants 

We associate with Hg >n , integer k, and the weights ft = . . . ,fj, n , \x a £ attached to the 
marked points z = (z±, . . . , z n ), the L(g)-module (|2.4p 

n 

vS = (g)V Mo; 0=(*i,...,z n ). (3.10) 

a=l 

According to (f23T|) 

V*,= 0^ a (Ca). (3.11) 

Coming back to (|3.ip we define a Lie algebra g OU ( = Lie (G(T, g \ D) as a Lie algebra of mero- 
morphic functions on £ 9jn with poles at z = (z±, . . . , z n ) taking values in g. Let (ii, . . . , i n ) are 
local coordinates in D. There is a homomorphism 0(T, g \z) — > C[[t a , t~ l \ for each z a providing 

the homomorphism of the Lie algebras Q ou t — > Q 8> C[[t a , t^ 1 ]. In this way g OM t acts on V^L as 
(X <8 /) • (ui <8 . . . <8 v n ) = ^2 vx <8 . . . <8 (X <8 /(t a )) • u a (8 • • • (8 u„ . 

a 

This is a Lie algebra action. Due to the residue theorem this homomorphism is lifted to the 
diagonal central extension 

n 

Qout ^ 4(0) , L a {9) = (fl <8 C[[t tt) t" 1 ]) K , K k . 

0=1 

In what follows we need a relation of with the space of covariants. In general setting the 
covariants are defined in the following way. Let W be a module of a Lie algebra The space of 
covariants [W]t is the quotient-space [W]j = VT/fi • W. In the case at hand we define i/ie space 
of covariants with respect to the action of Q ou t 

H(z,fl) = [V^} aout , ([V] a = V/g-V). 

The space of conformal blocks C(vj^l) is the dual space to the covariants. In other words, 
CfVy L) is the space of linear functionals on vl n l, invariant under g out : 

F : vjj -> C , F(X ■ u) = for any X G 0ou4 . (3.12) 

Put it differently, the conformal blocks are g olt t-invariant elements of the contragradient module 
Vg 1 . For a one marked point case the conformal blocks are g ou t invariant sections of the line 
bundle £ M over the affine Grassmannian (|2.23p . 

According to (|3.1(jp and (|3.1ip the space vjj has representation 

VS = (2)©^(Q- (3.13) 

0=1 ( a £Z 
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In the similar way the conformal blocks is decomposed in subspaces corresponding to the char- 
acteristic classes of the bundles 

n 

e(v£) = (g) a^UCa)) ■ (3.14) 

a=l C,a&Z 

where 

e: a = {F(Ca) : tk(c«)->c}. ( 3 - 15 ) 

3.4 Variation of the moduli space of complex structures 

The space of conformal blocks £(V.ti) is a bundle over This bundle is equipped with the 

KZB connection that can be described as follows. 

A stress-tensor T(z,z) in general theories, defined on a surface S s>n , generates vector fields 
on S Sjn . A dual object to T(z,z) is the Beltrami differential fi(z,z). It means that there is a 
connection in the bundle of fields over Mg ; n (the Friedan-Shenker connection): 



V (1 F = 5 I1 F + / fjTF. (3.16) 

In conformal field theories the stress-tensor is a meromorphic projective structure on £ 5! n- 
Acting on the space of conformal blocks the connection is projectively flat. The conformal 
blocks are horizontal sections of this bundle. The horizontality conditions are nothing else but 
the KZB equations for the conformal blocks. In general setting these equations are discussed in 
|13j (smooth curves) and in [12] . They have the form of non-stationary Schrodinger equations 



The connection (|3.16p can be rewritten in a local form based on the representation ()3.9I) , 
Let (J"=i C T, g and 7 a C D£ is a small contour and ? a is a vector field in D* . Then f|3. 16j) 
can be written as 



V, a F = d, a F+f , a TF. (3.17) 
Then the KZB equation assumes the form: 

V ? F = 0. (3.18) 

Near the marked points T has second order poles, while ? a G C[[i a ]]<9t a (|3.9p . Thereby, this 
integral produces d Za F. On the other hand, the product TF is non-singular outside the disks 
D a . Then for q a 6 the integrals vanish. It means that the conformal blocks F depends 

on 9# 9in . 

Consider a one point case and let t be a local coordinate on a punctured disk D x . The stress- 
tensor in the local coordinate has the Fourier expansion T(t) = Enez L n^ n ~ 2 - The coefficients 
obey the Virasoro commutation relations [L n ,L m ] = (n — m)L n+m + -^n(n 2 — 1). 

In the WZW model the stress-tensor is obtained from the currents by means of the Sug- 
awara construction (see |29|). Let {i a } be a basis in g, {t 13 } is the dual basis, and I a (t) = 
£ m W~ m_1 eg® CRM- 1 ]. Then T(t) = E Q : Ut)I a (t) '• „ where /i v is the dual 

Coxeter number. The Fourier coefficients of T(t) take the form: 

Lm = 2{k + h w ) ^ : to ~ pt P+ m : ' (3.19) 

The normal ordering means placing to the right t° (tan) with n > 0. The Virasoro central 
charge is c = ^+1$ ■ The Virasoro algebra acts on g ® C[[t, as 

L n ^t n+l j t . (3.20) 
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This action is well defined because the action of the Sugawara tensor is well defined on the 
integrable modules. In particular, from (|3.20p for moving points (|3.18p assumes the form: 



(<^-L^)P = 0. (3.21) 
The restriction of V f on (£ a (|3.15p yields a family of the KZB equations: 

^V a F(Ca) = 0. (3.22) 

a 

In next section we construct explicitly these equations for bundles over elliptic curves. 

3.5 Variation of the moduli space of holomorphic bundles 

3.5.1 General construction 

The moduli space of holomorphic bundles M.c,g,n = Buna (|3.ip is foliated over the moduli space 
of complex structures 9JT 9jn . Let us consider the dependence of the space of covariants H(z, jl) 
(conformal blocks £(V^)) on the variations of the moduli of the bundles Buna- For simplicity 
consider the one-point case. Let t a be a local coordinate in D* , and G ou t = G(X 3 \ z a ). Define 
the quotient 

Ms = G ou t \ G(D* ) , G(D*) = G[lt a ,t- 1 }. (3.23) 

This space is the moduli space of G-bundles with a trivialization around z a (see (|3.ip ). 

Let V Ua be an integrable module ([2.15P attached to z a . Remind that V* is the space of 
holomorphic sections T{C aa ) of the line bundle (|2.23p over the affine Grassmannian (|2.13p . In 
these terms the space of conformal blocks has the following interpretation [30} 13 lj . Since V^ a is 
the integrable representation, the group G(D X ) acts on V Ua . Thereby, the subgroup G ou t acts 
on V Ua ) also. Due to (|3.23p G(D%) acts on M.q from the right. Therefore, G(D*) acts on the 
sections V^ a ) <g) O(Mq) of the trivial vector bundle V^ la x M.g'- 

g ■ v(x) = (gv)(xg) , g G G[[t a ,t~ l ] , v G V Ua . (3.24) 

Consider the space of the covariants: 

% a ® 0(M G )/(V Ua <g 0(M G )) ■ Stab x , 

where Stab x is Lie(G x (D x )) , G X (D X ) = {g\x ■ g = x , x £ M-g}- in particular, Stab x = g ou t 
for x corresponding to G ou t- The spaces of covariants are isomorphic for different choices of 
x. The dual space r(£,^)/G ou t is the space of conformal blocks. The quotient T{C^)/G ou t is a 
space of sections of the line bundle over Buna (|3.ip . It means that the space conformal blocks 
is a non-abelian generalization of the theta line bundles over the Jacobians. 

3.5.2 SL(2,C)-bundles over CP 1 

It is instructive to consider this construction for S = CP 1 = CUoo. This case was analyzed in 
details in [32 J for trivial G-bundles and 7 = in (|3.7p . Here we consider G = SL(2, C)-bundles 
with 7 G P v . Let t a = h,e, f be the Cartan-Chevalley basis in the Lie algebra sl(2, C): 

[h,e] = 2e, [hj] = 2f, [e,f] = h, 

and tain) = t a t n . The Verma module V M is generated by L~(sl(2,C)) = c • / + g ® t _1 C[t _1 ] 
flZZZD , (123]) . The HV with the weight [i G P(sl(2, C)) is defined by the conditions hv u = 2sv fl , 
s = h) G |Z, ev u = 0, t a (n)v u = for n > 0. The singular vector is (et~ r ) k+1 ~ 2s generates 
the submodule S u C V a , and the integrable module is the quotient = V^/S^. 
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This form of % defines a trivial sector in (12T2TJ) . Note that Z(SL(2, C)) = Z 2 = {( = (0, 1)} 
and there are two sectors in the integrable module (|2,2ip . Consider the non-trivial sector 
corresponding to ( = 1. Let Wp = {w} be the Weyl group (|2.5p . w = TL 2 Kt 7 , where 7 belongs 
to the weight lattice 7 G P v (sl(2,C)) = P(sl(2,C)) = \l. Since Q v (sl(2,C)) = Q(sl(2,C)), 
Z = P/Q ~ Z2, and £ = 1 corresponds to 7 ^ Q. It means that (7, h) is odd. Then according 
to (|23lD 

V M (C = l)=W(L-(sl(2,C)))(^^), ( 7 £Q), V r M (C = l)=V A1 (C = l)/5 M . 

As it was mentioned above, £ 7 is not the HWV. In other words, it is not annihilated by the 
positive nilpotent loop subalgebra (gSD Lie (iV + (SL(2, C))) = {n(t) = b ■ e + g ® tC[[i\] , 6 G C}. 
In fact, we have 

n(i)i% = ^A^V(*)K- 
Let (7, /i) = 2s > 0, and s G § + Z. Then 

Ad^\n(t)) = (om+i • ^ m+1 + & m • + c m+ i • /t" 2 -^ 1 ) . 

m>0 

The terms c m+i • ft- 2s + m+1 ) for m < 2s - 1 do not lie in Lie (iV+(SL(2, C))). Multiply P on 
u>t 71 G Wq, where (71, h) = —2s + 1 and w : e •<-)■ /. This transformation preserves the sector. 
Now n(t) annihilates the vector wt^f 1 v^. Note {wt 11 ) is uniquely defined by 7. Thus, for any 
vector i 7 f ^ we define a unique HWV from the same sector. It is a particular case of general 
theorem proved in [3J. 

Consider the trivial G-bundles over CP 1 . It was proved in [32] that conformal blocks are 
G- invariant functionals on the module satisfying some additional conditions. In particular, 
for n = 1 

dim(C(G9) = { \ ^tl\ ( 3 ' 25 ) 

and for V/3 \, % 

(0,00) (/i , Moo) 

dim (£(£)) = { ? 

Let us analyze the case of SL(2, C)-bundles. It follows from the Bruhat decomposition (|2.9p 
that there are two types of the SL(2,C) bundles over CP 1 - the trivial, when 7 G Q in (|3,6p 
is an element of the root lattice 7 G Q, and non-trivial, when 7 G' Q- Note that the stable 
bundles correspond 7 = 0. In the first case we deal with the adjoint bundles that can be lifted 
to the SL(2, C)-bundles. In the second case there is an obstruction to lift these bundles to the 
SL(2,C)-bundles. 

Let z~ l be a local coordinate in a neighborhood of 00. The Lie algebra g ou t assumes the 
form Q ou t = sl(2,C) + z~ 1 sl(2,C) (g) Cfz^ 1 ]. Let n = 1 and z = is the marked point with the 
attached integrable L(sl(2,C)) module V^. We have Qout{v^) = for But vo £ Q ou t(vo) 

and vq is the covariant confirming (|3.25p . 

Consider the integrable module generated by z 7 t> M , where, as above, (7, h) = 2s > 0, and 
s G \ + Z. Then 

Q out z^v^ = Ad- Zl \n(t)) = z^Y, (a-mz- m ■ h + b. m z~ 2s - m ■ e + c_ m z 2s " m ) • /«„ . 

m>0 

Then the elements b^ m z~ 2s ~ m ■ e(v^) for < m < 2s are not generated by Q ut- Thus, if 7 / 0, 
the space of covariants (and the space of conformal blocks) is non-empty for an arbitrary weights 
(jl- Its dimension depends on 7: dim (£(SL(2, C))) = 2s (compare with (|3.25p ). 
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3.5.3 The form of connection 

For conformal blocks we have (see (|3.24|) ): 

F(x) = (gF)(xg) , g G Stab x . (3.26) 

Define the current J(t a ) = (g- l dg){t a ) G g ® C[[t a , t" 1 }) <g> Q^D* ) for g(t a ) G G<g)C[[t , i" 1 ]. 
A local version of (|3.24p is defined by the operator 

V Ua = 8 Ua + I ((g^dglU) , (3.27) 

J 7a 

where t a is a generator of q and u a is a coordinate of the tangent vector to Buna- The action 
of V Ua on the conformal blocks is well defined because the conformal blocks are g OU £-invariant. 
Therefore, they are horizontal with respect to this connection: 

d Ua F+ <f ((g- 1 dg)(t a ),t a )F = 0. (3.28) 

J 7a 

The equation (13T2li]) can be restricted to <t a = {F(( a ) (gj^ €j(V^) by taking u from 
(33} : 

du a ( (a )F(Ca) + i ((g^dgXta^QFiCa) = 0. (3.29) 

J la 

4 KZB equations related to elliptic curves and non-trivial bun- 
dles 

4.1 Moduli space of elliptic curves 

We consider in details the genus one case £i in . Let S r = C/ (r, 1) be the elliptic curve with the 
modular parameter in the upper half-plane % = {9mr > 0}. For n G Z, n > 1 define the set 
of marked points z = {z\, . . . ,z n ). Due to the C action on S T (z — > z = c), we assume that 
z a = 0. A big cell 9Jt5 n in the Teichmiiller space StJti,n is defined as 

50t$ >n = {(zi, . . . , Zn) , ^ z a = , z k ± Zj , mod ((r, l)}x«. (4.1) 

a 

4.2 Moduli space of holomorphic G-bundles over elliptic curves 

For G = GLn the moduli space of holomorphic bundles was described by M.Atiyah [33] ■ For 
trivial G-bundles, where G is a complex simple group, it was done in [34\ I35j. Non-trivial G- 
bundles and their moduli spaces were considered in [361 E3 EE]- We describe the moduli space 
of stable non-trivial holomorphic bundles over E T using an approach [3] . 

Following [39] we define a Eq bundle Eq = V Xq V by the transition operators Q and Aj 
acting on sections of Eq as 

8 (z + 1) = Q{z)b(z) , s(z + t) = Aj(z)s(z), (4.2) 

where Q(z) and Aj(z) satisfy the equation 

Q(z + r)A J (z)Q(z)- 1 Aj 1 (z + l) = C J , Q l = Id. (4.3) 

Here Q is a generator of the center 2JG). If ro v G P v is a fundamental coweight such that 
lw y G Q v for some Z, then £ = e(ru v 



2 For the simplicity we assume here and in what follows that Z ~ Z;. The case .2(Spin(4n)) = Z2 ©Z2 can be 
considered in the similar way. 



13 



The moduli space of stable holomorphic G-bundles over S r is defined as 

Mq\ = (solutions of (H3D) /(conjugation) . (4.4) 

It follows from [39j that it is possible to choose the constant transition operators. Then we come 
to the equation: 

QAjQ ; A ; ; C (4.5) 

For stable bundles this description of the moduli space is equivalent to (|3.1|) . In fact, the 
monodromy of s(z) (|4.2p around z = is the same as in ()3.4p . 

If V is the adjoint representation and G = G ad we come to the decomposition of the moduli 
space similar to (|3.8|) : 

l 

M G ,i = (J M g,i ■ (4-6) 

3=1 

If j and Z are co-prime numbers then Q 3 generates 2(G). In this case Q and Aj can serve 
as transition operators only for a G arf = G/JJ-bundle, but not for a G-bundle and £ J is an 
obstruction to lift a G aci -bundle to a G-bundle. If I = jp then is a generator of the group 
Z p . In this case Q and Aj are transition operators for G/i?p-bundle and C, 3 is an obstruction to 
lift a (G/i?p)-bundle to a G-bundle. It is called the characteristic class of Eq. The element £ 
has a cohomological interpretation. It is an element of the group H 2 (E gtn , Z(G)). This group 
classifies the of the characteristic classes of the bundles. 

Assume that Q is a semisimple element and Q £ Hq - a fixed Cartan subgroup of G. It 

means that we consider an open subset Mq\ D (Mg\)° = (^0 = {(Q'-^j)}- ^ n tn i s case 
the solutions of (|4.5p have the form [3]: 

G = exp (27r*^-) , A, = (AoYVj , (4.7) 

p v is a half-sum of positive coroots, h is the Coxeter number, Ao is an element of the Weyl group 
defined by £: 

C^A , (A ) l = Id. 

The element Ao preserves the extended system of simple roots JJ ext = n U (ao), where —ao is 
a maximal root ([3], Proposition 3.1). In this way Ao is a symmetry of the extended Dynkin 
diagram of q =Lie(G), generated by w w [23]. Let Ho C Hq be the Cartan subgroup commuting 
with Ao. Then Vj is an arbitrary element from T-Lq- 

Consider the adjoint action A = Ad (Ao) on the Cartan subalgebra f) of the Lie algebra 
= LieG. Let f)o = Lie(Ho) be the invariant subalgebra (A (f)o) = ^o)- There exists a basis LTj 
in F)o such that II is a system of simple roots for a simple Lie subalgebra go C 0. For the list of 
these subalgebras see [3]- 

The space A / f : '''(G') has the following description. H Let Q y and P v be the coroot and the 
coweight lattices in i) , and W is the Weyl group corresponding to IT,-. Define the Bernstein- 
Schwarzman type groups [34j . They are constructed by means of the lattices Q y or P y . In the 
first case it is a semidirect products 

W BS = Wk (tQ v © Q y ) . (4.8) 

Its fundamental domain in {)q is G| c = §q /Wbs- Then the moduli space of non-trivial Eq- 
bundles with the characteristic class C, 3 is 

Mq\g) = Cj c = §q/Wbs is the moduli space of non - trivial G - bundles . (4.9) 
3 Details can be found in [3]- 
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Consider E G ad -bundles. Define the semidirect product 

Wg* s = Wx (rP v 0P v ). (4.10) 
A fundamental domain of this group in {)q is C ad = ()q 

M ( j) (G ad ) = Cf = ffi/Wgjg is the moduli space of the non-trivial G ad - bundles . (4.11) 

It is a moduli space of a E^ad-bundles with characteristic class defined by £ J '. In other words, 
the sections of the bundles satisfy the quasi-periodicity conditions: 

X(z + 1) = Ad Q X(z) , X(z + r) = Ad AU) X(z) (4.12) 

where 

O = fixn I liri 

h 



Q = exp hiri?-) , A (i) = (A ) j e(u.,-) , (e = exp2vri) (4.13) 



satisfies (|4.5|) with 



Cj c for Eq — bundles , 
Uj G i Cf for E Gad - bundles . 



4.3 The gauge Lie algebra for elliptic curves 

Here we define the moduli space of holomorphic G-bundles coming back to the double coset 
construction (|3.1|) . Recall, that the Lie algebra Q ou t = Lie (G(T, T<n \ z) is a Lie algebra of 
meromorphic functions on £ 9>ri with poles at z = (zi, . . . , z n ) with the quasi-periodicities (|4.12p . 

We take for simplicity j = 1 in (|4.13p . denote ui = u, and apply the decomposition (jA.ip 
corresponding the characteristic class defined by ( to the Lie algebra g ou t 

Qaut = ©fc=oflfc > 0o = 0o ©So, Ad Ao (dk(z)) = e (y)0fc(^) • 

Consider the quasi-periodicity conditions (|4.12p . The GS-basis is diagonal under Ad A and AdQ 
actions (jA.lip . ()A.12p . (|A.13p . We should find functions on E r \ D that have the same phase- 
factors and pole singularities at z. To define Qk and q' q we use the functions (j) <|B.3[> . and (pd™ 
(ITlB . They have the needed quasi-periodicities ([BT20]) . (|R2T]l and poles at z = (IrOl) . <|B7TT]) . 
Then we find: 

n K{a,k) 

0* = {E E (E X im,adT4>(j ,Z - Z a )\) k a + ^ ya, m ,a<P k a m (u, * ~ } , (4-14) 

a=l m=0 aell aSi? 

n K(a,af) 

00 = {E E E ^,m,a^' m (u^ " z a )il) . (4.15) 
a=l ag_R m=0 

Similarly, from (jBT2]L (IE151) . (jBTTijl . (IBTT81) . (IBTT91) we have: 

n if(a,») K(a,a) 

S0 = {E(E«0+ E Am,aEm{z-Z a ))K + Y J _ E ^a^K*-^)^) } • (4.16) 
a=l agn m=l ae £ m=0 

Then g out has the correct quasi-periodicities and has poles of orders K{a,m), K(a,a) at z a , 
a = 1, . . . , n. In this last expression due to the residue theorem from (|B,18P we assume that 



X>«,i,a = 0. (4-17) 



o=l 
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Let us unify the last two expression (|4.15p and (|4.16j) in a single formula 

n K(a,a) K(a,a) 

0° = {E(E«o+ E x° a ^ a E m (z-z a ))h a + Y J E wS.m,.^ m (u,*-*a)^)}. (4-18) 

a=l Q,gn m=l aG-R m=0 

We will act on the covariants by Qout- In what follows we need the limit z — > z a of these 
expressions. Note that Q ou t is a filtered Lie algebra. The filtration is defined by the orders of 
poles. The behavior of Q out is defined by the asymptotics ([B^l . (|BTTT]) , (fBTT0]h (jBTTIj) . As it 
will become clear below we need in £( ou j the least singular terms. In this way we take m = in 
flUl, PUSH and m = 1 (Ei(z - z a )) in 



fc ~ E E 4,a(' • • + + ^( j) + E ^7' Za " Zb) + • • ■)■** 

a=l aSll 

+ y£, ,a (■ • • + + #i(( u + Kr > «> + y) + 2 ™< K > «) + E ^'°( u ' - «a) + • • •) ^ ' ( 4 - 19 ) 

V Z Z a I / 

Qo ~^(... + x l la (-^ + ^E 1 (z b -z a ))+x% + ...y a (4.20) 

+ E y^fiJ- ■ ■ + + E l(( U + KT > «)) + 2 ™<N «) + E ~ *a) + • • -)t° • 

Here ". . ." means the terms of order o(z — z a ) _1 and o(l). For Qi n = Lie{G(Ur))) we have local 
expansions in neighborhoods of the marked points 

n 

Q ln = {X = J2( b a + E - Z *Y) . ^^0' y] e 0} • 
o=l j>0 

Define the Lie algebra with the loose condition (|4.17p ): 

n 

d'out = Qout With ^ X l,l,a G C . 
a=l 

and let n~ = X]ae-R+ 0""- Then the Lie algebra Lie{G(D x )) has the form (compare with the 
general case (|3,3p ): 

n 

Lie(G(D X )) = Q' out (®2=in-) fc n = Qout ©(EE x *i,M © (©"=i n a ) © Bin • (4.21) 

a=1 aefl 

Notice that the constant terms n~ come from the constant terms c(m,k) in (|B.11|) . We can 
conclude from (|4.2ip that locally the action on G(D X ) by G ou t = £r(£i n \ z) from the left and 
by Gi n = 11™= 1 G{D a ) from the right absorbs almost all negative and positive modes of G(D X ) 
except the two types of modes describing the moduli space: 

• The vector u = Y12=i Saefi x a 1 J 1 ^ £ f)o- It defines an element of the moduli space i 

20;. 



The Lie algebras n a , a = 1, . . . n. They are the tangent spaces to the flag varieties attached 
the marked points coming from the quasi-parabolic structure of the bundle. 
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4.4 Conformal blocks 

In this section we define connections on the space of conformal blocks and derive the KZB 
equations in the similar way as it was done for the trivial characteristic classes in [I7|. The 
derivation is based on the representation of the moduli space of bundles as the double coset 
space (|3.ip in a given sector of the decomposition ()3.6p . In other words, the characteristic class 
(defined by j = 0, . . . I - 1 in (jOj) ) is fixed and we deal with G out \ G^f <g> C[[t a , t^/G^, where 
G out = G(£ r , n \ z) and G in = G ® C[[t a]] were described above. 

Let us write down the Virasoro generators (|3.19p using the GS-basis (|A.4p . (|A.6p . (|A.7p 
® — ta( m ) = t£) for the generators of the loop algebra: 

l-l 

L ™ = 2(k + hV) E E (E : \*\ 2 tU-PKl(P + m):+Y,-- *U-P)^ q (p + m) :) . (4.22) 

' ^ 9 =0 aei? a6 fl 



Consider the integrable modules attached to the marked points v\™, (|3.10j) and the corresponding 
conformal blocks. They satisfy the equations (|3.18p . (|3.22|) . (|3,28p . For elliptic curve they assume 
the form: 

• The moving points (|3.21j) : 

(d a - VL X )F = , (d a = ^yd Za ,t a = z-z a ). (4.23) 

• The vector field corresponding to the deformation of the moduli r of the elliptic curve 

(d T -^-E 1 (z)d z )F = 0. (4.24) 
This action follows from (|3.17j) and the operator algebra 

T(z)F(z) = Ei(z - z)d z F(z) + analitic part . 

• The invariance with respect to the action of Q ou t (|3.28p : 

(W u _ a + Ei(z)Sj° a ) F = , q G fl , u = {u Q } , a E IL, (4.25) 
where fj„ are the Cartan generators ()A.7p . Note, that this operator is well defined on Mq 

The vector field (|4.24p is defined on the universal curve T-L x C/(r, 1)\H x 0, since it is invariant 
under the lattice shifts (r, 1). The r deformation can be defined in the non-holomorphic form 

The invariance with respect to Lie(G ou \) f|4.14|) . f|4.18|> means that 



^(u a , z - z a )i k a F = , a e R, Vfc , , . 

^(0 )Z -^F = 0,aen,fc/0 



Now using (|4.19p . (|4.20p and ([4.26p we write down the annihilation condition Q ou tF = in 
in the basis ta' c (m) = 1 ® ...1 ® ia C (m) (g) 1... (8) 1 (on the c-th place): 

|t^ a (-l) + (^ 1 (u Q + ( K ,a)r + f)+2vri( K ,a)) t^' a (0)+X: ^(u Q ,z c -z a )t^ c (0)] F = 0, 



^a ,a (-l) + (^i((«,a)T + f) + 2^(K,a))^' a (0)+E ^(0,z c -z a )^' c (0) F = 



(4.27) 
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for a G R, \/k and a G II, / correspondingly. In the same way (|4.24p and (|4.25p assume 
the form: 

U + ±L1 2 + ±J2Ei(z c - zJLU \f = 0, (4.28) 

ld u _ a + $°' a (-l) + E ^ ~ ««)«a C (0) 1^ = 0, a G n . (4.29) 

Now we are ready to evaluate the Virasoro generators, i.e. to express them in terms of zero 
modes of the loop algebra ta' c (0) = ta' c only. As we have found above the positive modes of the 
loop algebra act on F by zero ta' a (rn)F = 0, m G Z+. Therefore, from (|4.22p we have: 



z-i 



(k + h v )L a L 1 = £(£ tr(-l)tir (0) + £ «S G (-l)^ ,a (0)) on F (4.30) 

g=0 aei? agn 



and 

(k + h v )L a _ 2 = _ 



(* + /i v )l^ 2 = e( E tr(-2)t:r(o) + E ^' a (-2)ba 9 ' a (o))+ 



1-1 , v ( 4 - 31 ) 

\ E ( E tr(-i)t:r(-i) + E «S (-i)^ ff,0 (-i)) on f. 

5=0 W-R Q, e f[ 7 

In order to find L" x one need to substitute ta' a (— 1), f3a' a (— 1) from (|4.27p and f)a a (— 1) from 
ljPS|) into (jO0"j) : 

-(fc + fe v )L»! = J E f)°* a (o)5 UQ + E E l«l 2 

ae f[ 9=0 qE-R 

F 1 (u Q + ( K ,a)r+f) + 27ri( K ,a))tr(0)t:r(0)+E^K,^-^)tr(0)t:r(0))+ 
E E ((^i««,a)r+f)+27ri(« J a))i5g ( ' a (0)b:S a (0)+E ^(0,^-^)^(0)^1^(0) 

where ip^O, z c —z a ) = Ei(z c —z a ). The first term in the last line vanishes due to skew-symmetry 
with respect to a, q — > —a, —q. The similar term in the second line does not vanish because 
[tr(0),tir(0)] = ^exp(-27rif)f£ a [3J. Therefore, 

E E M 2 {E 1 (u a + ( K ,a)T+2)+2iri(K,a)) f& a (0)t:«'°(0) = 

g=0aeR 

5 e' E |a| 2 (F 1 (u Q + ( K ,a)r + f)+2^( K ,a)) 2aexp(-27Tif)f)°' a = 
g=0ae-R V 

I E f)°'°(0)a Ua logn n ^(u a + (K,a)r + f)^vr exp( - 2m - ) . 

aefi g=0aSi? 

The term | E E |a| 2 27ri(K, a) 2 ^ exp(— 27ri |)rj Q ' a vanishes because of summation over q. Notice 

also that the obtained scalar expression does not depend on {z c }. Then, the equation ([4. 231) 
gives: 

d a + iJ2 C°(o)a Ua + E £ 

( £ |a|V£(Ua,«c-^)f& C (0)i:S°(0)+ E ^U0^c-Za)^ q a C mZ q a a (0)))F = 0, 
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I — 1 Pa\a 2 \ q 

where F = F[] [] ^(u a + (K,a)r + f )~ i ^r cxp{_27r ^ ) . This is the first equation(s) in (1P5L 

In order to obtain the second one (the KZB connection V r along r) one should use (|4.3ip . It is 
needed to compute L°_ 2 - The later arises from the local expansion of (|B.6p for k = 1. Then the 
following identities should be used: 

9 z 0(n, z) = <t>{u, z){E x {z + u) - E x {z)) = f(u, z) + (E x (u) - Ey{z))${u, z) , (4.33) 

where f(u, z) = d u (p(u, z) for t(— 2)t(0)-terms and 

(j)(u, Z - Z a )4>(-U, Z- Z b ) = ~(j){u, Z - Z a )4>(u, Z b - z) = 

-<p{u, z b - Za^E^u) +E 1 (z- z a ) + Ei(z b -z)-E 1 (u + z b - z a )) = (4.34) 
f(u,z b - z a ) + (p(u,z b - z a )(E 1 (z - z b ) - E 1 (z- z a )) 

for t(— l)t(— l)-terms. On the other hand V r is a unique flat connection for given V a (j4.45p . 
The final answer is given below in section 4.6. This answer is verified in the Appendix C. 

4.5 Classical r-matrix 

The construction of the KZB connection is based on the classical dynamical elliptic r-matrix. 
Here we define independently the r-matrix for arbitrary bundles over elliptic curves. For trivial 
G-bundles the classical elliptic r-matrix was defined in [IS]. For arbitrary bundles it can be 
defined in the following way. 

The classical dynamical r-matrix is a meromorphic one form r = r(u,z)dz, u G f)o) on C 
taking values in g ® g that satisfies the following conditions : 

1. r(z) has a pole at z = and 

l-l l-l 
Res\ z=0 r(z) = C 2 = -Y EH 2 t«®t:^^^^®^, (4.35) 

fe=0 a£R k=0 aen 

where t^, Sj^, f)~ fe are generators of the GS basis in q (see Appendix A). If V is a g module, 
then C2 acts by the permutation on V x V. 

2. Behavior under the shifts by the generators of the lattice Z © rZ 

r(z + 1) = Ad Q r{z) , r(z + r) = 2m ^ Sj° a ® + Ad kU) r{z) , (4.36) 

where the Ad-action is taken with respect to the first factor in g ® g. Here Q = e(/c) , 
A( J ) = Aoe(u) , (see (|4.7p ). {t)° a } ({•£>«}) is the simple coroot basis (the dual basis) 
in the invariant subalgebra go (see Appendix A). It means that r is a connection in the 
g <g> g-bundle over S r . 

3. The Classical Dynamical Yang-Baxter Equation (CDYBE). 
It follows from 1. that r(z) can be represented as 

l-l 1-1 

k=0 a£R fc=ooen 
Then r(z) is a solution of CDYBE: 

[ri2{zi2),ri2,{ziz)\ + [7-12(212), ^23 (^23)] + [7-13(213), ^23(^23)] - (4.37) 
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I- 1 I |2 I |2 



2 

k=Oa£R 



2 _ 

-f)« ® t* ® tZS dl$a( u > W - a) = , fcj = 3j - Zj) , 



2 

where d\ is the differentiation with respect to the first argument. 

4. The unitarity 

r 12 (u,z) +r 21 (u,-z) = 0. (4.38) 

5. The zero weight condition 

[X®l + l®X,r(u,z)} = 0, iGf). (4.39) 

Lemma 4.1 • ^4ny r' -matrix satisfying 1-5 has the form 

r'(u,z)=r(u,z) + 5r(u), (4.40) 

w/iere 

r(u,z) = rsj(u,z) +r R (u,z), (4.41) 
j 2-1 2-1 
r K (u,z) = -£ £ H 2 y£(u,«)i*®C*, r fl (u,z) = £ £ ^(u,*)£*® &«* , 

satisfies 1.-5., and ip^(x,z) is defined in the Appendix B \B.5\) . ifio(z) = E\{z). 
•• Sr(u) G fj ® bo 

<Jr(u) = £ ® f)^ , A aP = -A 0a . (4.42) 

• • • <5r(u) is generated by the gauge transformation 

5r(u) = -lY ( (duJ)r 1 ®C aj)/"^^ / = /(u)€# , (4-43) 
aefi 

where Ho is a Cartan subgroup of the invariant subgroup Go C G (see Table 1 in J3J?j. 
Proof 

It follows from the properties of the functions <f^(u,z), (Pq(u,z) described in the Appendix B 
that r(u, z) satisfy 1. and 2.. It was proved in [3] that it is a solution of the CDYBE. This sum 
is a classical dynamical r-matrix corresponding to a non-trivial characteristic class defined by 
(|4.36p . The conditions 4. and 5. can be checked as well. The conditions 1.-3., 5. define the 
r-matrix up to a constant (z-independent) Cartan term 5r. Then it follows from 4. that A a p is 
antisymmetric. 

Next we wish to prove that locally A a p = —l(d Ua (f)f~ 1 )/3 for some / E Ho. The twisted r-matrix 
must satisfy the CDYB equation. Plugging r + 5r into ()4.37p we see that the "commutator" 
part vanishes identically since ^ r ab ^ r ac j + [r ab ,6r bc ] = due to 

[t^,C]®c^ + t^0[r^,^ a ] = o. 

The "derivative" part of (|4.37p yields d u& Ap y + d UXj A a p + d u .A ia = or 

dA = 0, A = £ A a pdu a A dup G M G , (|M]) , KWi . (4.44) 

a,/3en 
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The statement follows from the Poincare lemma. ■ 

The term 5r is called the dynamical twist of the r-matrix. 



For trivial bundles GS basis coincides with the Chevalley basis and the r(u, z) = r^(u, z) + 
rn(u,z)- matrix coincides with elliptic r-matrix of |18j . 



4.6 KZB connection related to elliptic curves 

As it was established the part of connection related to the moving points coincides with the 
introduced above r-matrix. Here we prove that this connection is flat. Consider the following 
differential operators: 

V a = d Za + B a + Y,r ac , (4.45) 
V T = 2vr^ r + A + ^/ M , (4.46) 



2 

bA 



with 



2-1 2-1 



E E M 2 ^(u, z a - z c )i%HZ k f + E E v5( u > z « ~ W , (4-47) 



k=oaeR /«=o«en 
2-1 i-i 



r = E E h 2 /"( u ' *» - z c)t a i-- k a c + E E /o (u, z a - z^tfr , (4.48) 



fc=o«ei? fc=oaen 



where ta' a = 1 ® ...1 ® t^® ® 1 (with on the a-th place) and similarly for the generators 
Sja a and t)a a 0- The following short notations are used here: 



i-i 

aen aen s=o 



and 



<p k a (u, z) = e 2 "^>^((u + kt, a) + j,z), / a fe (u, z) = e 2m ^ z f((u + kt, a) + j,z). (4.49) 
From the definition it follows that Note that r ac = —r ca and f ac = f ca . Following (|B.8j) and 

([BID we P ut 

<p%(z)=E 1 (z) (4.50) 
/ °(z) = p(z) = i(i? 1 2 (z) _ p(z) ) (4.51) 



Notice that 



/*(u,0) = -E 2 ( <u + KT,a> +~) = -p( <u + KT,a> +~) -2r/i 



and, therefore: 

l-i 2-1 



E E M 2 p"£ ct ="' c -EE ^ k,c - 2l ^°2 . ( 4 - 52 ) 



4 For brevity we write t„ ° , f)a' a instead of representations of these generators in the spaces Vp, 
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where C| is the Casimir operator acting on the c-th component. Recall that consider the 
following system of differential equations. 

V a F = 0, a = l...n, 

V T F = 0. [4 - b6) 
There are two types of the compatibility conditions of KZB equations ()4.53p : 

[V a ,V b ]F = 0, a,b = l...n, 

[V a ,V T ]F = 0, a=l...n. { ' 1 

It is important to mention that the solutions of (|4.53p F are assumed to satisfy the following 
condition: 

(l>2 ^°' C j F = ' for any a S IT . (4.55) 

Proposition 4.1 The upper equations in ft4-54\ ) [V a , V;,] = are valid for the r-matrix ft4-41\ ) on 
the space of solutions of ft4-53\ ) satisfying ft4.55\ ). They are followed from the classical dynamical 
Yang-Baxter equations: 

[r ab , r ac ] + [r a \ r bc ] + [r ac , r bc ] + [d a ,r bc ] + [B c , r ab ] + [B b , r ca ) = . (4.56) 

Proposition 4.2 The lower equations in \4-°~4\ ) [V a ,V r ] = are valid for the r-matrix \4-4ty 
on the space of solutions of j^.5^| ) satisfying j^.55[ ). 

The proofs of these statements are given in the Appendix C. 

5 Appendix 

5.1 Appendix A: Generalized Sine (GS) basis in simple Lie algebras 

Let Z be a subgroup of the center 2(G) of G, and consider a quotient group G = G/Z. Assume 
for simplicity that Z(G) is cyclic. The case Spin(An) where Z(G) = /12 x /i 2 can be treated 
similarly. 

Let us take an element Q G Z(G) of order I, generating Z. It defines uniquely an element Ao 
from the Weyl group W (see [31 [25]). It is a symmetry of the corresponding extended Dynkin 
diagram and (Ao)' = Id. Ao generates a cyclic group \ii = (Ao, (Ao) 2 , . . . , (Ao)' = 1) isomorphic 
to a subgroup of Z(G). Note that I is a divisor of ord(Z(G)). Consider the action of Ao on g. 
Since (Aq) 1 = Id we have a /-periodic gradation: 

Q = e l ~J Q a , A(cj a )=w a g a , = exp — , X = Ad Ao , (A.l) 

[fla, 0b] = Qa+b , (modi) , (A.2) 

where go is a subalgebra go C g and the subspaces g a are its representations. Since Q and A 
commute in the adjoint representations the root subspaces g a are their common eigenspaces. 

GS-basis 

Here we shortly reproduce the construction of the GS-basis following [3]. Since Ao S W it 
preserves the root system R. Define the quotient set Ti = R/fJ^i- Then R is represented as a 
union of ^-orbits R = U^C We denote by 0((5) an orbit starting from the root /3: 

0(^) = {/3,A(/3),...,A'- 1 (/3)}, P&Ti. 



22 



The number of elements in an orbit O (the length of O) is l/p a = lai where p a is a divisor of I. 
Let u a be a number of orbits C„ of the length l a . Then $R = ^ Note, that if 0(j3) has 

length lp (lp 7^ 1), then the elements A fc /3 and A fc+ ^/3 coincide. First, transform the root basis 
£ = {E/3 , (5 G R} in £. Define an orbit in £ 

£p = {Ep , Ex(p) , • • • , E x i-i(p)} 

corresponding to 0(j3). Again £ = Us e7 -f s. For 0(j3) define the set of integers 

Jpa = = rn-Pa mGZ, a is defined mod / } , (p a = l/l a ) . (A. 3) 

Let .E a (a G -R) be the root basis of q. "The Fourier transform" of the root basis on the orbit 
C(/3) is defined as 

1 2m 

^ = ^7 wma ^ m (/3) ' ^ = exp^, aeJp. (A.4) 

V/ m=0 { 

Almost the same construction exists in S). Again let Ao generates the group Since 
Ao preserves the extended Dynkin diagram, its action preserves the extended coroot system 
jjvexi _ pjv y a v j n ^ Consider the quotient /Q = n Vex '*/^. Define an orbit T-L(a) of length 
la = 1 1 Pa in H Vext passing through H a G n Vearf 

W(a) = , H x[a) H xl - 1[a) } , a G /Q = II Ve *7 W . 

The set U Vext is a union of H(a) 

(n v r* = u^^(a). 

Define "the Fourier transform" 

,1-1 2 • 

*>* = T/f E " mCH ^(a) , " = exp -p , c G J Q (jX3l) • (A.5) 

* m=0 

The basis f)„ , (c G J a , a G /Q) is over-complete in ft. Namely, let 'H(ao) be an orbit 
passing through the minimal coroot {H ao , H X ( ao ), ■ ■ ■ , H\i-i( ao )}- Then the element t)% Q is a 
linear combination of elements f)!l a , (a G II) and we should exclude it from the basis. We 
replace the basis Il v in fj by 

{^;:™ o) ' cjs. < a - 6 > 

As before there is a one-to-one map Il v {f}^}. The elements (f)^,t^) form GS basis in 0(;_ a ) 
(jA.ip . The dual basis is generated by elements $)% 

where 

and a ajj g is the Cartan matrix of g. 
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The A-invariant subalgebra go contains the subspace 

V = {Y. a P i h «^C}. (A.8) 

Then go is a sum of go an d V 

go = go © v . (A.9) 

In the invariant simple algebra go instead of the basis (h^,tjg) we can use the Chevalley basis 
and incorporate it in the GS-basis 

{h°,t^} -> {Q = (H 6e ,aeU, EpJeR), v = (t°p,peT')}, (A.10) 

where II is a system of simple roots constructed by the averaging of the A action on IL ext , and R 
is a system of roots of go generated by ft. We have the following action of the adjoint operators 
on the GS basis: 

Ad A (t|) = e«u,/3)-|)t!|, Ad A (f)|) = e(-j)^, (e (x) = exp (2mx)) . (A.ll) 
In addition, 

Ad e (^) = f)^ Ad Q (H & ) = H & , (A.12) 
Ad e (t|) = e((«, J 8))t|, i4d e (£ fi )=e</e,a)£7 fi . (A.13) 
There are also the evident relations: 

Ad\(Ea) = e ((u, a))Ea , Ad A {H & ) = H a , u £ rj . 

In particular, 

Ad A (t|) = e((u,/3)-j)t|, Ad A (f)|) = e(-j)f)|, (e (*) = exp (2vrix)) . (A.14) 
Commutation relations in the GS basis: 



M] = { 



(A.15) 



fc x m 
a' l /3 


1 

~ Si 


fc l m 
a' x /3 


1 



s=0 



77 

s=0 



(<*><*) 



k+m 



(A.16) 



5.2 Appendix B: Elliptic functions 

The basic function is the theta-function: 



(B.l) 



neZ 



It is a holomorphic function on C with simple zeroes at the lattice rZ + Z and the quasi- 
periodicities 

0(z + 1) = -0( z ) , i?(z + r) = -g-5 e - 2 ^ z c9(z), (B.2) 
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Define the ration of the theta-functions 

fl( M + sK(0) 

Then 

z) = 0(z, u) , 4>{—u, —z) = —(p(u, z) . 

Related functions: 

vn 

<pf(u, z) = e ((«, /3)z)0((u + kt, /3) + -, *) , 

<#'*(u, z) = d k z (e ((«, /3)z)^((u + «r, /?) + j, zj) , {ipf° = iff) 

f{u,z) = d u (f)(u,z) , 
f(u,z) = <f>(u,z)(E 1 (u + z)-E 1 (u)). 
(f)(u, z) has a pole at z = and 

1 „ , , z 



Similarly, 



(u, z) = -^+ Ei(u) + ~-{E\{u) - p(n)) + 



<^(u, z) = - + E x {(u + kt, + + /?) + ~(Ef{u) - p{u)) + ... 



where E\ is (|B.12p , It follows from this expansion that 

1 4- 1 
"P + 2 



-> 1 (u,z) = -i +i(^(u)-p(u)) + ... 



m,k 



(u,z) = + c(m, fc) + . . . . 



In other words </?™' fc (u, z) has not poles of order less than k + 1. 
T/ie Eisenstein functions 

E x (z\t) = d z log$(z\T), E 1 (z\t)~--2t }1 z + ... , 

where 

W(r)4 E £ 7-"^ = ^% ^(r) = ^II( 1 -^ 
^ m r|nr 2m tjIt) - LJ - 

m=-oon=-oo v ' v ' n>0 

£ 2 ( z | r ) = -^(«|t) = d 2 z \ogd{z\ T ), E 2 (z\t) ~ — + 2771 . 



2 



and more general for k > 2 



E k (z\r) = (-d z ) k+1 log$(z\T), E k (z\r) ~ ^ + 



z 

Relation to the Weierstrass functions 

((z,t)=E 1 (z,t) + 2 Vi (t)z, 
p(z,r) = E 2 {z,t) - 2t7i(t) . 

Quasi-periodicity 
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0(z + 1) = -<&(z) , tf(z + r) = -g-2e- 2 ^tf(z) , 
£i(z + 1) = Ei(z) , + r) = - 2m , 

E k (z + 1) = E k (z), E k (z + t) = E k (z) , (k>l), 
(j)(u, z + 1) = 4>{u, z) , <j)(u, z + t) = e~ 2mu 4>(u, z) . 

<p™> k (u, z + l) = e ((k, (3)^> k (u, z) , cp™> k (u, z + r) = e~ 2 ^-f^ k (u, z) 

f(u, z + l) = f(u, z) , f(u, z + t) = e- 2mu f(u, z) - 2tt*0(u, z) . 
The following identities are also used here: 

2irid T (j)(u, z) = d z d u <j)(u, z) = d z f(u, z) 
and for the functions (|4.49p this identity takes the form: 

27Tid T ^(z)=dX(z). 

Fay identity: 

<t>(ui,Zi)<l>{u2, Z 2 ) - <j>{u\ + U 2 , Zl)<f>(u2, Z 2 - Zl) - 4>{ui + U 2 , Z 2 )<^(«1, Z\ ~ Z 2 ) = ( 

Differentiating over u 2 we find: 

0(«i,zi)/(w 2 , z 2 ) - + u 2 , zi)f(u 2 , z 2 - Zi) = 
4>(u 2 , z 2 - zi)/(«i + u 2 , zi) + (f)(u 1 ,z 1 - z 2 )f(ui + u 2 , z 2 ) . 

Substituting here: 

ui =< u + kt, a + (3 > +^+™ 5 

U 2 = - < U + KT,f3 > -f , 
Zl — z a z c — z ac , 
Z 2 = Zfe - z c = z bc , 

and multiplying by appropriate exponential factor we can rewrite it in the form: 

dMfPM - ^{z ab )f k a {z ac ) + ^(z ab )f k ( Zcb ) - <p k +%(z ac )fl™(z bc ) = 
Taking the limit m = 0, /3 = and using the expansion 

6(z, u) ~ — + Ei(z) + up(z) + ... 
u 

we find: 

<Pa(Zac)p(Zab) ~ Ei(z ab ) f k (z ac ) + <f k a (z ab ) f k (z bc ) - if k (z ac )p(z cb ) = ~d u f k (z ac ) . 

More Fay identities: 

<p k a (z ac )fF(z ac ) - <pf(z ac )f k (z ac ) = ^{z ac ){p k a - pf) , 

^(z ac )fZf{z ac ) - ^(Zac)f^(Zac) = E>™ , 
<Pp(Zac)fpi ~ ^( Z ac)p{Zac) + ^l(z ac )/|(z ac ) = -d u f^(z ac ) . 

The last one follows from 

d u (p(u,z) = 4>(u,z)(E\{z + u) - E\(u)) 

and 

(£i(z + u) - E x {u) - ^i(z)) 2 = p(z) + p{u) + p(z + u) . 
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5.3 Appendix C: Proofs of Propositions 14.11 and 14.21 



First, notice that 
Secondly, 

Thirdly, 

Therefore, 

where 



0". \ E / fcc ] = \ E E E i«i a *./£(* - *)&2? B * 6 e£° 



2 ^ J J 2 

6^c b^c 



3.1 Terms [d a , ±/ QC ] for c ^ 



2- 

1 



(C.l) 



Proof of Proposition 14.11 

[V„,V t ] = [9 2Q ,r bQ ] + [d Q ,r bQ ] + £ [d Q ,r bc ] 
-K,r ab ] - [d b ,r ab ] - E [<9 b ,r ac ]+E J2K c ,r bd ] 

Cy£a,b d^b a^c 

[d Za +d Zb ,r ab }=0. 
[d a ,r ba ] - [d b ,r ab ] = -[d a + d b ,r ab ] = E [<9 c ,r ab ] - E^°' r ° 6 ] • 

EEt 7 '^' 7 "^] = E [ r °V ba ] + [r ah ,r bc ] + [r ac ,r bc ] . 

d^b a^c c^a.b 

[V a , V 6 ] = E CDYB abc - E d c , r ab ] , (C.2) 

c^a,b c 

CDYB abc = [r ab , r ac ] + [r ab , r bc ] + [r ac , r bc ] + [<9 a , r bc ] + [<9 C , r ab ] + [<9 b , r ca ] ^iP 0. (C.3) 
and E«9 c ,r Qb ] ^Po. ■ 

c 

Proof of Proposition 14.21 

1. 

[9 Za r c ]-2^[9 T r QC ] ^Po 

2. 

[A, E ^ ac ] = I E E E |0l 2 flU^(*« - ^)[^' Q ,i^ a ] + t:^- c + 

+!EEE E l/3| 2 < A s a,/3 > i> m (z a - 2 c )9„ Q t™^tI™' c 
3 Terms [<9 a , ±/ bc ] for b,c^a and 6 ^ c 



(C.4) 



(C.5) 



(C.6) 



[B a , \ E (f ac + D] = [d a , E f ac ] = I E E E l/3| 2 3 u i^a - z c )^' Q t"' a r™' c + 

+!EEE E l/?l 2 < A s d,/3 > /^(z a - z c )d Ua e;- a tzj- c 

Therefore we get: 

e r\ [a, E ^ = \ E E E i«i 2 ^/rc^ - [f& a , ei+er (c.7) 

c^a c^a c^a aGR rn— 
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3.2 Terms [d a , \f aa ] 

a , \r\ = 4EE \f3\ 2 d uP ^ a i; i ' a iz 7 r = -\ E E l/3l 2 ^$ a [tr t =r]+ (c.s) 

m=o/3ei?. m=open. 

3.3 Terms [cK ±/ cc ] for c ^ a 

[^E^/ cc ] = -iEE Ei/ 3 i 2£ 2^;it-t7i + (c.9) 



2 J J 4 
4 Terms [r, /] 

E rac < \ E / M i = 5 E t rac ' / afc ] + / bc ] + [ r ° b < / QC ] + t rQb ' / 6c ] + ( c - 10 ) 

^ b#c 

+ Et rac < / ac ] + ^ / aa ] + ^ r ° c > / cc ] ( c - n ) 

4.1 Terms [r, /] for b.c ^ a and 5^ c 

1 £ [ r ac ; jab] + [ r a Cj ybc] + ^ab ^ jac] + ^ab ^ jbc] = 

b.c^a 
b^c 

f £ £ £ |a| 2 |/?|V-c A « a)/3 

b^c 



*-/3 ' l -a 



-I E £ E H 2 (c.i2) 

^(*«c)/o m (*ab)-Vn*«6)/£(*«c) + ^ 

+2(^(*6c)/H^)-PH^)/£(z6c)+^ 
j. fe+m , b t.^m , a a— , c 

Almost all terms in this big sum vanish due to the Fay identity (|B.28[) . except the terms with m = 0. 
Using (|B.30p for these terms in the expression (|C.12|) we get: 

-i E E E w a ft./5(«-c)* B ^ 6 ci' - j E EE w 2 ft./iM* a ^°cS 6 + 

b^c b^c 
b^c 

Finally, using the symmetry in summation over c and b we obtain: 

2 E V ac i f ah \ + l rac , f bc \ + f ac ] + f bc ] = 

b.c^a 

l-l , l-l , (C.13) 

f E E E W?d u f k a {zac)i k ^ b iZ k a c - l 1 E E E H 2 «(z 0C )W Q a t:*' c . 

b^c b^c 



Notice that the second term here cancels the expression (|C5 
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4.2 Terms [r ac J ac ] 



= 

IE E E l«l a li9| 2 teW/^(«, c )-^(«, c )/*(««o)) 



4 

c^a fc,m,s— a, PGR 

,,msr< , iHm,«r r k,c .-m.ci , (C.14) 
i-1 

c^a fc,m,s— a., PGR 



IE E E |a| 2 |/?| 2 (^(z aC )/^( Z a C )-^(^a C )/^(^ C ) 
c^a fc,m,s— a,0GR 

-|E E E |/3| 2 (^:^(z ac )/r^z QC )-^ fc (^)/-™(^))^' a Kr""^ t ™'1++ 

c^ak,m=0 PGR v 7 

+!E E E lfl a (^(*.c)yr^«c)-^^ 

c^ak,m=0 PGR v y 

+|E E E l^lt-% m W/; +fc W + /o- ro fe)^w)[f)^ ) ^ 

c^ak,m=0 PGR v y 

+5 E E E l/3| 2 ^o m (^c)/^^^c)-/o- m (^c)^ +fe (^ c ))ftJ ,c ,t:r fc 

c^a k,m=0 PGR v y 

4.3 Terms [ r QC ,/ QQ ] and [r ac ,/ cc ] for c ^ a 



[E r QC ,/ aa ] = 

-JE E E |a| 2 i/?iV^(^)(p^-p^) w -™ s c' Q , AS ,fe a ,t™' a ] + rtT4- 

c^a fe,m=0 a, PGR 

»-l t i , ( C - 15 ) 

-IE E E I^IVo(£>™ - p^ +m ) ^ [tj ,C™' a ]++ 

c^a fe,m=0 /3G-R 

+ 5 E E E l^l 2 ^(^a C )(p™ - p™ +k )lbp m ' a Aj +k ' a }+tZp c 

c^ta k,m=0 PGR 

[E r ac ,/ cc ] = 

-i E E E l«l 2 l/5| 2 ^7(^-)(^ - P^)^ ms c Q , A , /3 [tz^ a ,e^^] + t^+^+ 

c^a fc,m=0 a, 8GR 

i-i t (C16) 

+1 E E E l0IVo(p/j* - ^ +m ) ^ ,a [t:J" m ' c .t™ ,c ]+- 

c#a fc,m=0 /3G-R 

-3 E E E l/5| 2 ^(^ c )(po" - p™ +fe )[f)™ ,c ,t:™~ fc ' c ]+t^ a 

c^a fc,m=0 /36-R 

The first two lines in (jC.14l) are canceled by first lines in (IC.15[) and (IC.16[) due to identity (|B.31|) . Next, 
the sum of the third line in (IC.14|) and the second line in (|C.16|) and the sum of fourth line in (|C.14|) 
and the second line in (IC.f 5|) are vanished due to (|B.31I) for all values of summation parameters except 
k = 0. For k = these sums give: 

-i E E E l/^l 2 

c=iam=0PGR. 

(<pZ™(z ac )f™(z ac ) ~ ^{Za C )fZp{Zac)) {^[iZ^'MfU ~ *= P+) ^ 



I X - * 1/312 rpl m ( r,0,a r, — m,c ,m,q ,0,cr,m,o ,— m,ai 

- i 2^ IpI ^py^p [t-s its J+ _t )fl its .to j+ 

c#am=0/3efl 



and this is exactly what we need to compensate (|C8|) and (|C9[) . (Note that (|C9[) cancels by the first 
term here, and (|C8[) cancels by the second one due to (|4.55|l ). 
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Finally, the last two lines in (|C.14|) are canceled by the list lines in (IC15|) and ()C. 16|) for all values 
of summation parameters except m = 0. For m = the sum of these terms equals 

-\ EE El/31 2 

c^ak=0/3eR (C.17) 

Notice that due to (|4.50[) and (|4.51[) /o(z ac ) = p{z ac ) and ipQ(z ac ) — E 1 (z ac ). The using (|B.33[) we can 
simplify the expression (|C.17|) : 

- 1 EE E ifl^w ([fi°- a ,^ a ] + c^ c - [f^ c ,O c ] + ^ Q ) . (c.18) 

c^a fe=0 /3Gfl 

Finally, we have nonzero terms from (|C.7|) first term in (IC. 131) and (|C 18[) and they all are proportional 
to d u fo. Summing them up we find: 

iEEE \/3\ 2 d u f k ( Zac )x 

c^a k=0 peR 



(1 r(,0,a (fc.ai ,—k.c i 1 rr_0,c * — k.ci L k,a , 1 v - ^ L k,a L — fc.cr 
— 4 J+t-/3 >t-/3 J+t/3 +2 E V *-i3 15 



k,a±— k,c £,0,6 1 rr 0,a iA'> a l 1— k,c 
~l™8 ' % J + t - 



^EEE \P\ 2 duf k (zac) |[C' i "' Q ]+ t ^ c + i[^ C ' t ^ c ]+^ a + 5 E t^' c C 

c^ak=0 PGR \ b^a,c ) 

c#afe=0/3e.R V y 
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